Exponential maps and explicit formulas
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In this section we introduce an exponential homomorphism for the Milnor K -groups for a complete discrete valuation field of mixed characteristics.
In general, to work with the additive group is easier than with the multiplicative group, and the exponential map can be used to understand the structure of the multiplicative group by using that of the additive group. We would like to study the structure of K q (K) for a complete discrete valuation field K of mixed characteristics in order to obtain arithmetic information of K . Note that the Milnor K -groups can be viewed as a generalization of the multiplicative group. Our exponential map reduces some problems in the Milnor K -groups to those of the differential modules Ω · O K which is relatively easier than the Milnor K -groups.
As an application, we study explicit formulas of certain type.
Notation and exponential homomorphisms
Let K be a complete discrete valuation field of mixed characteristics (0, p). Let O K be the ring of integers, and F be its the residue field. Denote by ord p : K * −→ Q the additive valuation normalized by ord p (p) = 1. For η ∈ O K we have an exponential homomorphism
For q > 0 let K q (K) be the q th Milnor K -group, and define K q (K) as the p-adic completion of K q (K), i.e.
For a ring A, we denote as usual by Ω 1 A the module of the absolute differentials, i.e. Ω 1 A = Ω 1 A/Z . For a field F of characteristic p and a p-base I of F , Ω 1 F is an F -vector space with basis dt ( t ∈ I ). Let K be as above, and consider the p-adic
We take a lifting I of a p-base I of F , and take a prime element π of
is generated by dπ and dT ( T ∈ I ) in the ordinary sense.
Put
Explicit formula of Sen
Let K be a finite extension of Q p and assume that a primitive p n th root ζ p n is in K . Denote by K 0 the subfield of K such that K/K 0 is totally ramified and K 0 /Q p is unramified. Let π be a prime element of O K , and g(T ) and h(T ) ∈ O K 0 [T ] be polynomials such that g(π) = β and h(π) = ζ p n , respectively. Assume that α satisfies ord p (α) 2/(p − 1) and β ∈ O * K . Then, Sen's formula ( [S] ) is
where (α, β) is the Hilbert symbol defined by (α, β) = γ
and Ψ K is the reciprocity map. The existence of our exponential homomorphism introduced in the previous subsection helps to provide a new proof of this formula by reducing it to Artin-Hasse's formula for (α, ζ p n ). In fact, put k = Q p (ζ p n ), and let η be an element of k such that ord p (η) = 2/(p − 1). Then, the commutative diagram
is the norm map of the Milnor K -groups, and Tr :
is the trace map of differential modules) reduces the calculation of the Hilbert symbol of elements in K to that of the Hilbert symbol of elements in k (namely reduces the problem to Iwasawa's formula [I] ).
Further, since any element of Ω 1 O k can be written in the form adζ p n /ζ p n , we can reduce the problem to the calculation of (α, ζ p n ).
In the same way, we can construct a formula of Sen's type for a higher dimensional local field (see [Ku3] ), using a commutative diagram
where the right arrow is the residue homomorphism {α, T } → α in [Ka] , and the left arrow is the residue homomorphism ωdT /T → ω. The field K{{T }} is defined in Example 3 of subsection 1.1 and O K {{T }} = O K{{T }} .
Some open problems
Problem 1. Determine the kernel of exp (q) η completely. Especially, in the case of a d-dimensional local field K , the knowledge of the kernel of exp (d) η will give a lot of information on the arithmetic of K by class field theory. Generally, one can show that
For example, if K is absolutely unramified (namely, p is a prime element of K ) and p > 2, then pd Ω 
) by which we can interpret Benois's formula? We also remark that Fukaya recently obtained some generalization ( [F] ) of Benois's formula for a higher dimensional local field.
